
HIERARCHICAL CORRELATION RECONSTRUCTION 
for time series, conditional distribution (Bayes) ÍÏÄÅÌÓ ȣ 

 (nonlinear, adaptive, all-directional)  artificial neurons 

How to model/estimate density from a data sample?  
MSE fit polynomial  ”ὼ В ὥᶰ Ὢὼ   (using orthonormal basis) 

also for joint distribution , non-stationarity , missing data  
 

 Moments/cumulants  ⱬ● В╪██ █●   Machine learning  

# parameters low ɀ rough from low to high high - accurate 
estimation e.g.  ά

ȿȿ
В ὼᶰ  ὥ

ȿȿ
В Ὢὼᶰ   usually iteration  

Interpretable? yes Yes: mixed moments depends 
Independently? yes Yes (adapt, missing) depends 

Unique? yes yes (MSE) often huge freedom 

Accuracy? controllable controllable usually uncontrollable 

Density? moment problem YES:    В╪██ █● depends 

 Ocomplete  depends  yes depends 

Jarek Duda, UJ 

  

https://en.wikipedia.org/wiki/Moment_problem
http://th.if.uj.edu.pl/~dudaj/


ὲ ρππ size 1D sample  (from degree = 3), density estimated as polynomial : 

                on [-1,1]                        (deg ά O Њ leads to sum of Dirac deltas) 

 

  



Derivation:             ὲ ςυ size sample 

KDE (kernel density estimation):  

Ὣ Ḋ   ‭-width Gaussian in each point  

Find ”╪● Вὥ▒Ὢ▒ὼ▒   minim. MSE 
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Taking ‭O π,   ộ”╪ȟὫỚ В ”╪ὼᶰ  

Removing    ÌÉÍ 
ᴼ
ᴁὫᴁ Њ     which does not affect parameters ╪ 

Using orthonormal: ὪȟὪ Ὢ᷿ὼὪὼὨὼ ‏                 e.g. on πȟρ  
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https://arxiv.org/pdf/1702.02144


In practice: normalize each variable  

to ~ uniform distribution: ●◄ ἍἎἐ◐◄ 

(1/2: median, position: quantile, like copula) 

Then fit polynomial as joint distribution  

(daily log returns: ÌÎὺ Ⱦὺ ) 

 

  

https://en.wikipedia.org/wiki/Copula_(probability_theory)


Basic application: many mixed-moment features e.g. for time series classification 

 Standard: pairwise correlation άммέΣ ƘŜǊŜΥ ŀƭǎƻ higher, άǘǊƛǇƭŜҌέǿƛǎŜ, time dependent 

  



Normalization ● ἍἎἐ◐ to ●ḐἽἶἱἮἷἺἵȟ  

Generalized normal distribution /EPD ” ͯ ÅØÐȿὼȿ   

              

     Laplace, MLE estim.: 

              ” ÅØÐ
ȿ ȿ

 

            ‘Ƕ ÍÅÄÉÁÎ 

               ὦ Вȿὼ ‘Ƕȿ 

 

           Normalization 

              contains tail model 

 

Lévy/ stable distribution  ” ͯ ȿὼȿ  tail (Њ moments):  

 

          3ÔÕÄÅÎÔȭÓ t-dist.: 

          ”ᶿ ρ  

         'ÁÕÓÓ of ὲ ὺ ρ 

         Cauchy for ὺ ρ 

          Њ moments  ὺ  

https://en.wikipedia.org/wiki/Generalized_normal_distribution
https://en.wikipedia.org/wiki/Laplace_distribution
https://en.wikipedia.org/wiki/Stable_distribution
https://en.wikipedia.org/wiki/Student%27s_t-distribution
https://en.wikipedia.org/wiki/Cauchy_distribution


Adaptivity: models evolving with time  

We can normalize with ὼ #$& ώ  

e.g. Gaussian with varying „ like in ARCH  

e.g. average O  exponential moving average 
 

EPD width:   „ В ȿὼ ‘ȿᶰ         O   

    „ – „ ρ – ȿὼ ‘ȿ 
 

Optimizing exponential moving criterion: 

log-lik:  — ÁÒÇÍÉÎВ – ÌÎ” ὼ  

Preferably    –  ÁÒÇÍÉÎВ ÌÎ” ὼ  
 

Weighted linear regression: ‍ ÁÒÇÍÉÎ В ύ ὓ‍ ὼ  

‍ ὓ ὓ ὓ ὼ      ᵼ    ‍ ὓ  ÄÉÁÇύ ὓ  ὓ  ÄÉÁÇύ ὼ  
 

Adaptive linear regression: ‍ ÁÒÇÍÉÎ В –  ὓ‍ ὼ   

‍ יִ ώ                 for exponential moving averages: 

   ώ  –ώ ὼὓ ẗ                       ִי יִ– ὓ ẗ ὓ ẗ  

https://arxiv.org/pdf/2003.02149
https://arxiv.org/pdf/1906.03238


E.g. for ARMA/ARCH enhancement 

Gaussian-based, often terrible LL 

(8„ȡ  1/σẗρπ ȅǊǎ Χ {ϧt рллΥ мκмл ȅǊǎ) 

(daily log returns for 29 Dow Jones) 

MLE gives much lower power ‖Ḻς: 

Having approximate parametric dist. 

we can normalize as in copula theory  

to ὼḐ uniform on [0,1] distribution: 

ὼ #$& ώ  

HCR:  Fit degree ά polynomial 

e.g. to ●◄ ȟ●◄ joint distribution 

can be evolving for nonstationary 

 

 

  

https://en.wikipedia.org/wiki/Autoregressive%E2%80%93moving-average_model
https://sixfigureinvesting.com/2016/03/modeling-stock-market-returns-with-laplace-distribution-instead-of-normal/
https://arxiv.org/pdf/1807.04119
https://reference.wolfram.com/language/ref/ExponentialPowerDistribution.html
https://en.wikipedia.org/wiki/Copula_(probability_theory)


 

Also in higher dimensions e.g. πȟρ :            

 ”ὼȟὼȟὼ ὥ▒ 

▒ɴ

Ὢ ὼ Ὢ ὼ Ὢ ὼ  

ᵼ conditional distributions without Bayes 

MSE estimated from dataset ὢṒᴙ  :  

 ὥ▒
ρ

ȿὢȿ
Ὢ ὼ Ὢ ὼ Ὢ ὼ

●ɴ

 

For considered statistical dependencies:  

basis ὄ of considered mixed moments 

E.g. ὥ▒ describes variance-variance between 

    ὄᶳ▒ ππππππππππ  
   

ὥ▒ ἩἾἭἺἩἯἭȣἘ  

- over a subset for missing data -  we need only Ὦ π coordinates as Ὢ ρ 

- ὥ▒ ‗ὥ▒ ρ ‗Ὢ▒●   parameter evolution for nonstationary time series 

  



Having modelled joint distribution for missing data :      ὥ▒
▒
В Ὢ▒●  ●ɴ ▒

 

substituting known coordinates to  ”● В ὥ▒▒ɴ   Ὢ ὼ ẗȣẗὪ ὼ  

we get joint distribution of miss ing coordinates  (conditionals avoiding Bayes)  

Imputation  ɀ modelling missing values, e.g. as expected value for each coordinate 

However, sometimes ambiguity , e.g. circle as sample below we can handle. 

Here we can model distribution of each missing coordinate  as polynomial, 

or even joint distribution of multiple  missing coordinates  

 

circle  (2D) centered in πȢυȟπȢυȟὶ πȢτ  Knowing only ὼ πȢυ,  ὼ  ȩȩȩ 

we can get e.g. (joint) distribution , or expected values for (2)  clusters  ȣ 

 

 

 

https://arxiv.org/pdf/1804.06218


KDE ς kernel density estimation 

e.g. ‭-radius Gaussian in each point  

- huge  #parameters  ~  #points 

- how to choose (ellipse?) radii??  

- ŘƻŜǎƴΩǘ ǿƻǊƪ ƛƴ ƘƛƎƘ ŘƛƳŜƴǎƛƻƴ 

- terrible log-likelihood, generalization 

   as it localizes in the old points 

                            cross-validation: 

Polynomial: MSE fitted to ‭O π  

  

https://en.wikipedia.org/wiki/Kernel_density_estimation


Having density model, 

we can cheaply 

normalize  

e.g. to uniform 

ὼO ὅὈὊ ὼ by lines: 

or generate random 

sample e.g. for 

 Monte-Carlo methods 

Generalization problem: e.g. could we avoid splitting into training + validation? 

ὢ ς test, ὣ ς training set, how to choose function basis ὄ to maximize log-lik ὰ ? 
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         ÃÁÎ ×Å ÁÓË ÓÅÐÁÒÁÔÅÌÙ ÆÏÒ Ὦ ÁÂÏÕÔ ÉÎÃÌÕÄÉÎÇ ÉÎ  ὄȩ 

Assume training and test set have the same statistics, e.g. value, variance for ὥȣ 



Economists: ~ copula theory                plots 

Guess one from usually single-parameter: 

2D complex formula, tough to estimate 

For more variables build tree (άǾƛƴŜέύ Χ 

HCR ς agnostic,  

any # of param. 

Between any pairs,  

also triples 

and more variables, 

Cheap to use,  

Cheat to estimate 

also to adapt,  

missing data  

but ” π happens  
 

ά ω,   81 param. 

https://en.wikipedia.org/wiki/Copula_(probability_theory)
https://www.semanticscholar.org/paper/2-Copula-Theory-2-.-1-Sklar-%E2%80%99-s-Theorem-and-Copulas-Smith/e8a59cf14a861f23f8d69015ec093f6b04b86ea1/figure/1
https://en.wikipedia.org/wiki/Vine_copula


Predict value spread 

(bid-ask, DAX) from 

(price, volume, H-L) 

should be diagonal 

AMI, HLR ς noise  

HCR ς can handle 

predicting density 

 Oexpected value 

aXiv:1911.02361 

Stat. in Transition 

 

Density: additional 

variance:uncertainty 

ǎƪŜǿƴŜǎǎΣ ƪǳǊǘƻǎƛǎΧ 

find quantiles,  

Monte Carlo rand., 

Further nonlinear Ὢ 

ὪὉὢ ὉὪὢ  

https://arxiv.org/abs/1911.02361
https://sit.stat.gov.pl/SiT/2020/5/gus_sit_2020_05.pdf


Least-squares linear regression to:  

1) predict value as linear combination 

2) HCR: predict first few moments 

each separately as linear combination 

then combine into predicted density. 

”ώȿὼ Ὢώ ‍ Ὢ ὼ 

”ώȿὼ ÍÁØ”ώȿὼȟπȢπσȾὔ 

Examples                 normalization 

  



Large differences between companies ς individual models give much better evaluation   



Choosing model size: predict ψ moments              Universality ς searching for common 

basis of mixed moments ς difficult problem                models with lowest evaluation loss 

  



37k households GUS data (arXiv:1812.08040, ICOAE) 

Find conditional distribution of equivalent income 

from 31 discrete variables and 4 continuous 

normalized to uniform on [0,1] by sorting (EDF):  

1/2 is median, 10% is 10% of population 

Credibility evaluation e.g. 70 years old close to median 

How to model it with standard machine learning? 

 
  

https://arxiv.org/pdf/1812.08040
https://link.springer.com/chapter/10.1007/978-3-030-38253-7_6
https://en.wikipedia.org/wiki/Empirical_distribution_function

