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Rough Sets
Zdzistaw Pawlak’
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We investigate in this paper approximate operations on sets, approximate
equality of sets, and approximate inclusion of sets, The presented approach may
be considered as an alternative to fuzzy sets theory and tolerance theory. Some
applications are outlined.

KEY WORDS: Artificial intelligence; automatic classification; cluster analysis;
fuzzy sets; inductive reasoning; learning algorithms; measurement theory;
pattern recognition; tolerance theory.

Apart from the known and the unknown, what else is there?
Harold Pinter (The Homecoming)

1. INTRODUCTION

The aim of this paper is to describe some properties of rough sets, introduced
in Ref. 7 and investigated in Refs. 1, 2,4, 5, 6, 8,9, and 11.

The rough set concept can be of some importance, primarily in some
branches of artificial intelligence, such as inductive reasoning, automatic
classification, pattern recognition, learning algorithms, etc.

The idea of a rough set could be placed in a more general setting,
leading to a fruitful further research and applications in classification theory,
cluster analysis, measurement theory, taxonomy, etc.

The key to the presented approach is provided by the exact
mathematical formulation of the concept of approximative (rough) equality
of sets in a given approximation space; an approximation space is
understood as a pair (U, R), where U is a certain set called universe, and
R UX U is an indiscernibility relation. We assume throughout this paper
that R is an equivalence relation.
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(x)

 Sets Edg,(X)=X—Apr,(X) (in short Edg(X)) and Edg,(¥)=
Apr (X)— X, (in short Edg(X)) are referred to as an fnternal and an
external edge of X in A, respectively.

Of course Bnd,(X) = Edg,, (X} U Edg, (X).

Fig. 1 shows the notion of an upper and lower approximation in a two
dimensional approximation space consisting of a rectangle partitioned into
elementary squares.

Let us define two membership functions €,, €, (called strong and
weak membership, respectively), as follows:

e, X iff x & Apr,(X)
re, X iff x € Apr,(X)

If x £, X, we say that “X surely belongs to X in 4. while x £, X is to mean
that “X possibly belongs to X in 4. Thus we can interprete approximations
as counterparts of necessity and possibility in modal logic.

Of course,

Apr (X)={x:xE
Apr,(X)={x:xE, X}
Thus we can develop our theory in terms of strong and weak

membership functions or in terms of approximations. For the sake of
simplicity we shall use here the approximational approach.

2.2, Approximation Space and Topological Space

It is casy to check that the approximation space A = (U, R) defines
uniquely the topological space T{A4) (in short T,), where T, = (U, Com(A )},
and Com(A ) are the family of all open sets in T, and U/R is a base for T,.

It follows from the definition of {lower and upper) approximations that
ComiA ) is both the set of all open and closed sets in T ;. Thus, Apr,(X) and

Approximations, t
calculus and exam
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Thus, we can interpret the approximation space A =(R',5) as a
Mmeasyrement .'i_'l-'.i.'!i‘m.. where

i+ =g, i+1)=1, i=0, L.

is the unir of measurement in 4, and (0, r} is the accuracy of (0, r} in 4.
For more detail see Ref. 6.

Example 2. Let I be a finite set called a vocabulary and let F* be
the set of all finite sequences over F. Any subset of F* will be called a
fanguage over V.

Let R = V* % ¥* be an indiscernibifity relation, and let 4 = (¥, R) be
an approximation space delined by V¥ and R.

A language L — F* Is recognizable in A if Apr (L)= Apr(L).

The Family of all recognizable languages in A, denoted as Rec(d ), is the
topology induced by 4 = (F*, R) and the base of the topology 1s F*/R.

That is to say that if the language L is not recognizable in 4 we are
able to recognize only the lower and upper approximations in A.

This property can be used in speach recognition, pattern recognition,
fault tolerant computers, ete.

Example 3. Let § =X, 4,F,p) be an information system (see
Ref. 10), where

X is the set of objects

A is the set of girribufes

V=1V, VF,is the set of values of attribute a € 4

P X w A= Vis an information function, py: A=V

x & X is called an information about x in 8, where
p.(a) = plx. a)

for every x £ X and a € A4.
We define the binary relation § over X in the followmng way:

x~gy it p.=p,

Obviously & is an equivalence relation and 4 = (X, f]l is the approx-
imation space induced by the information svstern 5.

Any subset ¥ = X is called describable in § Y Apr (¥} = Apr,(¥). The
set of all describable sets in 8, denoted as Des(S), is a topology induced by
5 on X, and the base of the topology is X/§.

Towards decision reducts (how
approximations change when
we add / remove attributes
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